Abstract. An iterative algorithm is presented for reducing an nth-order ordinary differential equation to an (n r)th-order ordinary differential equation (ODE) plus quadratures when it admits an r-parameter solvable Lie group of transformations. The procedure is automatic. The reduced (n-r)th-order ODE is obtained without determining intermediate ODEs of orders n-r + 1,... n-1. This reduced ODE and the quadratures are deduced directly after iteratively computing 2r invariant coordinates {x(i), Y(i)} and 3(r-1) coefficients {cej,/3j, y} of infinitesimal generators associated with an admitted r-parameter solvable Lie group.
and a one-parameter Lie group of transformations x*=X(x,y; )=x+e(x,y)+O(e), If (1.1) admits (1.2) then ODE (1.1) can be reduced constructively to an (n-1)th-order ODE plus a quadrature. This reduction can be accomplished in terms of either differential invariants or canonical coordinates as follows.
For the first extension of (1.2) there exist invariants u(x, y), v(x, y, Yl) which satisfy Xu(x,y)=o, X(1)v(x, y, y)=0
with Ov/Oyl # O. Then Ok(X, y, Yl," ", Yk)-du k-1 is an invariant (differential invariant) of the kth extension of (1.2) which satisfies x(k)vk(x, Y, Yl," ", Yk)--0 with Ol)k/Oy k 7 0, k 2, , n. In terms of these differential invariants the ODE (1.1) reduces to an (n-1)th-order ODE plus a quadrature" In particular, (1.1) reduces to G(u, v, dv/du,. .., dn-ll)/dun-1). If b(u, v, C1, C2," ", C,_1) 0 is a general solution of (1.4), then a general solution of (1.1) is found by solving the first-order ODE (1.5) ch(u(x, y), v(x, y, Yl); C1, C2, , Cn_l)---0.
The ODE (1.5) reduces to quadrature since it admits (1.2).
Alternatively, let r(x, y), s(x, y) be canonical coordinates of (1.2) which satisfy Xr 0, Xs 1. Let Then It is easy to show that any two-dimensional Lie algebra is solvable (cf. Bluman and Kumei (1989, p. 85) ). Moreover, every even-dimensional (r 2m for some integer m) Lie algebra contains a two-dimensional subalgebra (cf. Cohen (1911, p. 150), Dickson (1924) 
where C is an arbitrary constant. The first-order ODE
admits X1 and hence reduces to quadrature by the method of canonical coordinates after we determine (r(x, y), s(x, y)) such that
Xlr--0, XlS 1.
Consequently, any second-order ODE which admits a two-parameter Lie group of transformations reduces completely to quadratures.
As an example consider the second-order linear nonhomogeneous ODE (2.7)
.
Let Z---el(X), Z-"2(X be linearly independent solutions of the corresponding homogeneous equation
Then (2.7) admits the two-parameter (el, e2) Lie group of transformations X*= X, y*--y'-l-e,lPl(X)"l-g2t2(X ).
The corresponding infinitesimal generators are
where W(x) is the Wronskian W(x)= 1-2. Now in terms of x and v, X21)= As in 2 let u(x, y), v(x, y, Yl) be invariants ofX 2). Then X2)t 0 where t)= dv/du, and (3.1) reduces to
with first extension given by
Consequently, (3.2) and hence (3.1) reduces to for some function q(u, v; C1, C2," , C,-2, C,-1). But the first-order ODE (3.5) @(U(X, y), V(X, y, Yl); C1, C2,""", Cn-2, Cn-1) 0 admits X1. Thus (3.5) reduces to quadrature which leads to a general solution of (3.1).
Hence dky(1) k--1, 2,""", n + 1.
In terms of the invariants x(1), y(), and the differential invariants {Y()k}, k= 1, 2," , n 1 of X]n), ODE (4.1) reduces to an (n 1)th-order ODE In terms of the invariants x(2), y(2), {Y(2)k}, k 1, 2,..., n-2 of X2 ") (which are also invariants of X")), ODE (4.2), and hence ODE (4.1), reduces to the (n 2)th-order ODE for some function F_m of invariants of X ), X)_I, X(n), X] ").
To go from step m to step m + 1 we proceed as follows.
From (1.7), (1.8) it follows that 
Ox(_) Oy(_)
Thus the solution of ODE (4.1) is reduced to n quadratures.
Consequently, we have proved that if an nth-order ODE is invariant under an r-parameter solvable Lie group of transformations, then it can be reduced algorithmitally to an (n r)th-order ODE plus r quadratures. Note that in applying this reduction algorithm we do not need to determine the intermediate ODEs of orders n-1, n-2,..., n-r+ 2; in Case I we do not need to determine the intermediate ODE of order n-r+l.
As an example consider the fouh-order ODE which arises in studying the group propeies of the linear wave equation in an inhomogeneous medium (Bluman and Kumei (1987) Consider the case el > 0, and let el (C)2. Then S log R + log + C S log y2).
and consequently (4.14)
y (x C, C) C(I+B(x2,))
where B(x(2))--(C2/x(2)) 2C1, with arbitrary constants C1, C2o Then the first-order ODE resulting from (4.14), i.e., An alternative way of using the group properties of the fourth-order ODE (4.10) to obtain general solutions was considered in Bluman and Kumei (1987) . In the case of an nth-order ODE (4.1) admitting a three-parameter Lie group with infinitesimal generators X1, X2, X3 satisfying commutation relations of the form (1.9), the procedure simplifies to:
(1) Determine coordinates X(1)(X y), y(1)(X, y, Yl) and hence Y(1)1, invariants of X 2" Ox (2) 0y (2) 0Y (2) 
